
February 28, 2022 CHEM 2020 Statistical Mechanics

Midterm Exam I

Name:

Summary of goals:
Here you will be tested on nearly all of the concepts we have reviewed prior to classical
molecular partition functions. This includes Chapters 1-6 in McQuarrie and the corre-
sponding lecture notes.

Prompt:
You have one week to solve the following problems and submit your solutions electronically
to Canvas. The work you submit must be your own. Be sure to label all figures and place a
box around your final solutions. All work done in Mathematica must be debugged, clearly
commented, and simplified. In your submission you must include the signed cover page of
this exam, verifying that you agree to honor the following rules.

Rules:
This is an open-note, open-textbook exam. However, you are only allowed to use (i)
your own personal notes from lecture, (ii) the course materials posted to Canvas, (iii) the
textbooks listed in the course syllabus, and (iv) the online Mathematica documentation.
You are not allowed to use outside resources, such as other textbooks, solution manuals,
or the internet to solve these problems. You are also not allowed to discuss any of the
problems with your peers or with anyone outside the course. You may ask Prof. Church
clarifying questions during o�ce hours and lecture. By signing below you agree to the rules
of the exam. Disregard of these rules will be considered a violation of Brown University’s
Academic Code and will be reported accordingly.

Deadline:
Monday 03/07/2022 at 11:59pm

Sign below to confirm that you agree with and will adhere to the rules and guidelines of the
exam as stated above.

Signature: Date:

Problem I /10

Problem II /15

Problem III /20

Total /45
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Problem I: Statistics of Fermions and Boltzons

Consider M single-particle states. Of these M states there is a nondegenerate ground state of
energy 0, and the remaining M � 1 states have energy ✏ > 0.

1. Draw and label an energy level diagram of the single-particle states. How large is the
energy gap? If N structureless fermions are put into this model, what are the energies
of the N -particle states? What is the degeneracy of each N -particle state? Which N -
particle energy level exhibits higher degeneracy? Draw and label an energy level diagram
of the N -particle states. How large is the energy gap? (2 points)

2. Write down the fermionic partition function Qf as a sum over the N -particle energies
and their degeneracies. Your answer should be in terms of N , M , ✏, and �. (2 points)

3. Now use Boltzmann statistics to write down the canonical partition function for this
model, call it Qbz. Your answer should be in terms of N , M , ✏, and �. (2 points)

4. In what limit of M in relation to N is Boltzmann statistics expected to be valid? Briefly
explain. With N = 10, use Mathematica to plot the ratio Qf/Qbz vs. M and interpret
the results. In your code you can take ✏ = kBT . (2 points)

5. Use Mathematica to plot the probabilities of occupying each N -particle energy level as a
function of temperature T (useQf for this calculation). Furthermore, use the Manipulate[]
function so that the user can adjust the value of M from M = 10 to M = 300. Take
N = 10 and ✏ = kB = 1. Have your plot extend from T = 0.05 to T = 10. Discuss your
results. (2 points)
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Problem II: The Heat Capacities of H2 and D2

Review sections 6-4 and 6-5 on homonuclear diatomics in McQuarrie (pg. 101) and the corre-
sponding lecture notes. In particular, review the discussion surrounding Figures 6-8 and 6-9,
which plot equilibrium properties of molecular H2 as a function of temperature.

1. Use Mathematica to reproduce Figure 6-8, the %-para composition of gaseous H2 as a
function of temperature (from T = 1K to T = 400K). In the same figure, plot the %-para
composition of D2 as a function of temperature. Briefly comment on the two results, and
briefly explain the high and low temperature limits. Note that the nuclear spin quantum
number of a deuterium nucleus is I = 1. (5 points)

2. Use Mathematica to reproduce the four solid curves of Figure 6-9 for both H2 and D2

over T = 1K to T = 400K. There are eight curves to plot here, so you will be partly
graded on the organization and clarity of your graphic. Use no more than one or two
figures. Briefly interpret your results. (8 points)

3. Using your results from part 2, argue why it might be important to monitor nuclear spin
composition when storing H2 and D2 at low temperatures, say T < 200K. (2 points)
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Problem III: Statistical Mechanics of a Phase Equilibrium

For this problem it may be worth reviewing the partition function of the 2D diatomic gas from
Problem 3 of Homework 2.

1. Assuming now that the diatomic molecules are homonuclear and that the high-T approx-
imation for the rotational partition function is valid, show that the canonical partition
function can be expressed as

Q(N,A, T ) =
1

N !
[Aq̃(T )]N , (1)

where A = L2 is the area of the 2D surface and q̃(T ) is a function of the temperature
T , the nuclear spin quantum number I, and various constants and parameters. You can
neglect the electronic partition function. (8 points)

2. Now let’s recast the problem. Imagine a cubic vessel of volume V = L3 submerged in
a thermal reservoir at fixed temperature T . The vessel contains an ideal sample of N
homonuclear diatomics. One of the six inner faces of the cubic container (area A = L2)
is made of a material that can adsorb and, after a while, release the diatoms at random.
While adsorbed to the 2D surface, the molecules obey the motion described in Problem 3
of Homework 2, but the bond is weaker than when in the 3D phase, so the force constant
k is smaller and the moment of inertia is larger. Though the number of diatoms in the
2D phase N(2D) and the number of diatoms in the 3D phase N(3D) are constantly fluctu-
ating, the two phases are in thermodynamic equilibrium. This means T = T(2D) = T(3D),
µ = µ(2D) = µ(3D), and etc. Using this information, answer the following:

How would you expect the number density of adsorbed molecules, defined as

⇢(2D) =
N(2D)

A , to vary with the pressure inside the vessel? Derive (by hand) an expression
for ⇢(2D) as a function of the pressure inside the vessel. Your answer should also contain
the temperature as well as molecular and universal constants. At a given temperature,
at what rate does ⇢(2D) change as the pressure is increased? How does ⇢(2D) change with
temperature? Briefly explain. (12 points)
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Midterm Exam II

Name:

Summary of goals:
Here you will be tested on nearly all of the concepts we have reviewed so far, up to and
including Chapter 12 of McQuarrie.

Prompt:
You have one week to solve the following problems and submit your solutions electronically
to Canvas. The work you submit must be your own. Be sure to label all figures and clearly
indicate your final answers. All work done in Mathematica must be debugged, clearly
commented, and simplified. In your submission you must include the signed cover page of
this exam, verifying that you agree to honor the following rules.

Rules:
This is an open-note, open-textbook exam. However, you are only allowed to use (i)
your own personal notes from lecture, (ii) the course materials posted to Canvas, (iii) the
textbooks listed in the course syllabus, and (iv) the online Mathematica documentation.
You are not allowed to use outside resources, such as other textbooks, solution manuals,
or the internet to solve these problems. You are also not allowed to discuss any of the
problems with your peers or with anyone outside the course. You may ask Prof. Church
clarifying questions during o�ce hours and lecture. By signing below you agree to the rules
of the exam. Disregard of these rules will be considered a violation of Brown University’s
Academic Code and will be reported accordingly.

Deadline:
Wednesday 04/20/2022 at 11:59pm

Sign below to confirm that you agree with and will adhere to the rules and guidelines of the
exam as stated above.

Signature: Date:

Problem I /10

Problem II /2.5

Problem III /10

Problem IV /10

Problem V /10

Problem VI /2.5

Total /45
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Problem I: Isomerization

Consider the isomerization between states X and Y of a molecule,

X � Y, (1)

and say �E is the energy di↵erence between the two states.

1. Starting from the equilibrium condition of chemical potentials, show that

hNXi
hNY i

=
!X

!Y
e���E , (2)

where !j is the degeneracy of isomer state j.

2. Using Boltzmann statistics the canonical partition function is given by

Q =
1

N !
qN , (3)

where q is the Boltzmann-weighted sum over all single-particle states (i.e. for both iso-
mers). Show that Q can also be written as

Q =
X

p

e��A(NX ,NY ), (4)

with

��A(NX , NY ) = ln
qNX
X qNY

Y

NX !NY !
, (5)

where
P

p sums over all the ways of partitioning the N molecules into NX molecules of
type X and NY molecules of type Y . The molecular partition functions of X and Y are
qX and qY respectively.

3. Now use ensemble averages to show that

hNXi = qx

✓
@ lnQ

@qX

◆

qB ,N

. (6)

Then do the same for hNY i and show that

hNXi
hNY i

=
qX
qY

. (7)

4. Again using ensemble averages, show that the average square fluctuations in NX is given
by

h[NX � hNXi]2i =qx

✓
@hNXi
@qX

◆

qY ,N

(8)

=
hNXihNY i

N
. (9)

Repeat for NY .
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Problem II: Chemical Equilibrium II

Calculate the equilibrium constant for the reaction

CO2 + H2 � CO + H2O, (10)

at 900K and 1200K.

Problem III: Fermi-Gas

Starting from the grand canonical formulas for indistinguishable particles, derive an expression
for the thermodynamic energy E of a gas of weakly degenerate fermions as a power series in
the density ⇢. Go as far as ⇢2. Briefly discuss your results.
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Problem 3

Since density is p = %
, one may start by noting that N in the GCE is :
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Problem IV: Real Gases

In class we discussed four di↵erent models for u(r), the interatomic potential energy between
two atoms of a real gas. These models include the hard sphere model,

u(r) =

(
1 r < �

0 r � �
, (11)

the square-well,

u(r) =

8
><

>:

1 r < �

�✏ �  r  ��

0 r > ��

, (12)

the triangle potential,

u(r) =

8
><

>:

1 r < �
✏

�(��1)
(r � ��) �  r  ��

0 r > ��

, (13)

and finally the Lennard-Jones potential,

u(r) = 4✏

⇣�
r

⌘
12

�
⇣�
r

⌘
6
�
. (14)

Answer the following.

1. Using the parameters for krypton in Table 12-3 of McQuarrie, plot the Lennard-Jones
and square-well models for u(r)/kB on the same figure. Also on the same figure, plot
u(r)/kB for the triangle potential with ✏/kB = 290K, � = 1.7, and � = 3.4Å. Make sure
your figure is labeled properly. Briefly comment on the similarities and di↵erences.

2. Derive by hand the second virial coe�cient for the square-well potential. Your answer
should be in terms of �, ✏, �, and the second virial coe�cient for hard spheres BHS

2
. Also

by hand, solve for the Boyle temperature for the square-well potential.

3. Use Mathematica to plot the second virial coe�cient of (a) the square-well potential, (b)
the triangle potential, and (c) the Lennard-Jones potential as a function of temperature,
all on the same figure. Use the parameters from part 1. Numerically determine the Boyle
temperature for (b) and (c). Place a Point[] at the location of each Boyle temperature on
your figure. Briefly comment on your results.

4
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Problem 4

a.) Plotting and discussion of results in Mathematica
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=j§ᵗ( is} _ 03 ) - (Xo' _ ) - (F)]
↳ B.(t) =-2¥ [(e" - 1) - e

"] or 8kt)=-Bj
's [(e" - 1) - e

"]
3

Boyle temperature : (T) = = -21T¥ [(e" - 1) - e
"] > finite

,

> ∅ for T & X

Needle" - 1) - e
"] =∅ > etta} _✗3-ePE=o

Above looks similar to ( e
"
- 1)(X

}
-1) = ePᵗÑ- e "-713+1 (equal to above plus 1)

↳ ( e
"
- 1)( is-1) - 1=0

,

e

"
- I =

,!, →

c-

%t=ʰ# + 1) → ¥0T = -en# + 1)

so BIT)=∅ at T.IE- % en# + 1)

c.) Plotting and discussion of results in Mathematica
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Problem V: Adsorption Revisited

Consider a 2D surface containing N sites, each of which can adsorb a single gas molecule. The
energy of an adsorbed molecule is �✏0 compared to the free state. The adsorbing surface is in
contact with an ideal gas. Derive the covering ratio ✓, i.e. the ratio of adsorbed molecules Ns to
adsorbing sites N , as a function of the pressure of the gas. Use the grand canonical ensemble.
Briefly discuss your results.

Problem VI: Heterogeneous Equilibrium

Though molecular iodine I2 is non-polar, it is weakly soluble in water. Consider a flask contain-
ing molecular iodine and two immiscible solvents: water and a non-polar solvent. At equilibrium
there are two layers in the flask, one aqueous and one non-polar, each with a particular concen-
tration of I2. Therefore we have the following equilibrium

I2 (aq.) � I2(n.p.), (15)

and equilibrium constant,

K =

⇥
I2 (n.p.)

⇤
⇥
I2 (aq.)

⇤ . (16)

Based on your knowledge of statistical mechanics, hypothesize (in words) the microscopic in-
formation that determines the magnitude of K. How is this similar/di↵erent to what we have
studied so far?

5

:



Problem 5 c-
=
,

•

•
c-

←
•I

c-

•
= 1"

Dist of energies available to an

adsorbed molehill is the same as ideal gal
,

"

• ¥ - c-◦ ~

MinneGot
a 3

'
'
' ↳ g. e- PEJ → q e- PCEJ

-c- D - PE,
I 1 =@ e )eP

"

in

gas
"ad#

The partition function of the adsorbing surface is :

n n

≈ = {{ e-ᵗ hnot ^^ /hot
= eP⇐◦tNÉQ(n.ytga.ci/hot=ePE0EQ(n,yt)ga,

[
" 'hot

e
ads

n=∅j ↑ n=∅ d n=∅

possible energies has noµ
for adsorbate with

n particles adsorbed

n n /hot

Defining ✗ (T) = E Q KMT)
gas
C

,
Iad, = eP⇔ᵗ^

>
✗(T) ; no , ads . particles is :

n=0

0

N=k•t(
0hr2

ˢ on
),, =

PV

en≥ Fmln where the second step comes from pV=koTlnI .

↳ em ace,
= b. (

"""
)+ly(✗ (B) = Peo + Pµ+ln(XCTD ;

°ʰ
=P

On
↳

pv 0 pv pv I☆ Ns= - en =

c-◦ + + koTln(XCTD , giving Or =
Ns

ln OM N
=

C-◦ +µ + kzTln(XCTD
"

N

The covering ratio increases linearly with pressure
,
reflective of the

trends pv = NKOT and E- = { NKOT of an ideal gas on its own .

Pressure is linearly related to particle number and to temperature
,
as is overall

energy . Thus, the fact that the energy shift of any
adsorbed molecule is always

C- u less than it was
,
this linear energy shift relates to N - T

,
and thus directly to

pressure. In this context, ¥ • P makes sense .



Problem 6

The primary microscopic information will be related to the local ordering of the molecules

in a polar solvation sphere versus a nonpolar solvation sphere . Most reactions we

have studied so far are gaseous reactions where individual translational, vibrational , etc

partition functions can be written for molecules that spend a lot of time on average

not interacting with other molecules . In solution
,
all molecules are conetartly

interacting with several layers of solvation spheres . The nature of solvation /The

amount of Ia that can he diesolved will be directly related to the polarizability at

the solutes and solvents. Polarizability il es centrally a characteristic of the
"

malleability
"

of the electron density of a molecule, and would be completely determined by
electronic partition functions. In conclusion

,
electronic contributions are often

negligible in the (gas-phase ) problems we have done
,
but likely dominate in a

disordered
,

"

gridlocked
"

setting like a liquid where a solute in any given
solvent

would have little translational, vibrational, or rotational variability between solvents:

differences in miscibility would boil down to these electronic differences .


