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1.14. Show that a(0) = [*2 a(z)d(z)dx.

—0o0

The delta function was defined according to equations 1 and 2.
ala) = [ atw) [Z zpz-(x)w:(m’)] da )

wax)w:(x’) =0(z —2') (2)

Evaluating a(0) in accordance with these definitions, it is obtained that

a(0) = /a(;l:) lz qm(x)w:‘(())] dr = /a(x)é(x —0)(z)dx = /a(x)é(x)dx,

which was to be shown.

1.16. Show that O¢(z) = we(z) is equivalent to Oc = wc.
Expanding ¢ in terms of the complete set ¢;, O¢(x) = wep(x) becomes

O cihi=wd cithi = Yy _ci(OY) =w > _ e (¥y)
i=1 i=1 i—1 i=1

which, upon multiplication by ¢} and integration yields

S (fs00) o5 ([ )

Since O;; = [¢5Ov; and [ 4f1h; = d;5, the above expression becomes

oo oo oo
E Oijci = w E Ci(sij — E OijCi = we; — Oc¢ = wec.
=1 =1 =1



1.17. Demonstrate Dirac notation as instructed.
a.

Multiplying [ |z) (z| dz on the left with (i| and right with |j) and noting that
(ilzy = ¥ (z) and (z|j) = ¥ ;(x), we have

3

[ 1) taldz =1 [ o) (ali) dz = [ 07 ()0 (2)do = b

which is the same as equation 1.116:

1

b.

Multiplying >°:° | |¢) (i| on the left with (x| and right with |z’) and noting that
(z|z") = 0(x — a’), we have

1
S (el (ila’) <= Zw:<x>wj<x'>> — Gl (S | 12 = (@l = d(a—a).
i=1 i=1 i=1
Evidently, this is the same as equation 1.120:
> W (@)s(a’) = 6(z — a). (1.120)
i=1

C.

Multiplying [ |z) (x| dz on the left with (2| and right with |a), we have
/m (2] de =1 — /(:c’|x> (w]a) dz = /5@’ — 2)a(z)dz
since (a'|x) = 0(2’ — z) and (z|a) = a(x). This is the same as equation 1.121:
a(z) = /5(m’ — x)a(x)dx. (1.121)

d.
Starting with [b) = [ dz O|z) (z|a),

(2'|b) = /dx (2| O|z) (x]a) = /dx O(z',x)a(z)

again using (x|a) = a(z). This result is the same as equation 1.133.



e.

From O(z,z’) = (x|O|2") and O;; = (¢|O|j),
O(z,2') = (x|0l2") = (xli) (i|Olj) (jl=') = /W(@Oz‘j%(ﬁ')d%

Demonstrate that ¢*? #£ ¢4e¢? if A and B do not commute.
What is the Baker-Haussdorff-Campbell rule and how does
it relate to these exponentials? What about Suzuki-Trotter
factorization?

For some e¥, the Baker-Hausdorff-Campbell rule states that an equivalent ex-

pression is I + X + )5—,2 +[...] . Thus, for e?e”,
A? B2
eAeB:(I+A+?+...)(I+B—|—§—|—...) (1)
AB? A2 BA? B?
=I+A+B+AB+ + =+ + =+ .. (2)

2! 2! 2! 2!
which may be rewritten as
A2 +2AB+B? A® AB? BA? B3
T E— +§+ o + o +?+[]

=I+A+B+ (3)
But, when A and B commute, A2 +2AB + B2 = (A + B)? and the above may
be rewritten as the expansion of e(A+5)

(A+B)? (A+B)?

(A+B) _
e =1I+A+ B+ o1 =+ 3l + [

Thus, if A and B do not commute, the jump from expression 3 to this simplified

expression is not possible, and e(A+B) £ ¢AeB.

Suzuki-Trotter expansion is a way to generalize the expression of exponential

A B

n
operators. The first order expansion may be written: eA+B) = lim,,_, (67 en

Although Suzuki-Trotter factorization was not directly used in this problem,
it might be used to more develop more general description than above why
eAtB oL e4eB if A and B do not commute.
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2.2. Show that Vyp(z1, 22,23, ... %) = Xi(z1)x;(2), s xu(z3
is an eigenfunction of H = va h(i) with an eigenvalue E
€ + € + ... + €.

From the above,

N
HVpyp = Z h(i)(xi(z1) x5 (22),s o Xk (23))

which becomes
H\I/Hp = h(l)X,L(xl) —+ h(Q)X] ($2)+, ceey +h(3)Xk-(JU3)

since h(i) only acts on the i*" electron. The above, using equation 2.29, is the
sum of eigenfunction equations equal to h(1l)e; + h(2)ej+, ..., +h(3)ex. Thus,
the corresponding sum of eigenvalues is ¥ = €; + €; + ... 4+ €, which was to be
shown.

2.4. Show that VP UHP and ¥ are eigenfunctions of H =
h(1) 4+ h(2) with eigenvalue E = ¢; + ¢;.

Keeping in mind that h(i)x;(z;) = e;x;(z;) and that k(i) only operates on xj,

HYE" = (h(1) +h(2))xi(21)x;(22) = (h(1)xi(21))x (22) + xi(21) (M(2)x; (22))

= (eixi(w1))x;(w2) + xi(21) (€55 (r2)) = €i(xi(T1)x;(z2)) + €5 (xi(T1) x5 (T2))-

Thus,
H\I/11V2P = (€ + Gj)Xi(xl)Xj(eTQ) - E\I,{{QP



Using the same procedure on W yields that HUZ P = (e; +¢€;)xi(w2)xj(71) =
EVEFP  Keeping these two relations in mind, one can write HU(z1,x9) as
follows,

H (;5(\1’{’2” + \Ifip)) = % [(A(1) + h(2)) U3 + (h(1) + h(2)) UL

1 1
= E(Ez +¢€5) (‘I’gp + ‘Ilfllp) = (e; +¢) <\/§(‘I’{ép + ‘I’§I1P)> = EV(xy,79)

2.5. Where |K) = |x;x;) and |L) = |xxX:), show that (K|L) =
k01 — 010
The following expressions are true by definition,

xi(1)* Xi(2)i

. X
W) @ P =

From this,

1
<K'L>‘2<xj<1>* (2

= 2 (66 (@)" ~ i@ (0)) G — xa(Dxe()

= 2 k@) — (1) a2 )

=X (2)"xa(2)x; (1) "xe (1) + xa(2) " x#(2)x; (1) "xa (1)
Integration of which over the entire range yields

1
=5 (0:i1:051 — 010k — 0310,k + 0ir0j1) = di0j1 — 0310 -
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2.7. For minimal basis benzene described by 72 spin or-
bitals, what is the size of the full CI matrix? How many
singly and doubly excited determinants are there?

In this case, benzene has N = 30 electrons and 2K = 72 spin orbitals which
yields (2]6() = (Z(Q)) = #ﬁ;,) = 1.64 * 10%° determinants in the full CI matrix.
Since each electron can be excited twice, either with spin up or spin down, the
number of singly excited determinants is 2 * (1.64 * 102°) = 3.28 % 10%° singly
excited determinants. Similarly, the number of pairs of electrons, chosen two at
a time to be excited is (320) = #Oé!) = 435 ways to doubly excite the system
excluding consideration of spin. Since each pair of electrons can be excited with
4 different spin combinations, there are 1,740 ways to doubly excite the system.
Thus, the number of doubly excited determinants is 1,740  (1.64 x 10%°) =

2.85 % 1024,

2.8. Show that (U33|O;|V3) = (3|h|3)+(4|h|4) and (¥y|O;|¥33) =
(V33|01 W) = 0.

By definition, |¥33) = |xsx4) and (U353 = (ysx4|. It is given that O =
h(1) + h(2). We then have

(U310 [Wi3) = (U3 |h(1)|W3) + (Wi3]h(2)[3)

Note that the notation |x;x;) is shorthand for the determinant

From this, the spin-orbital integral representation of the h(1) term is

[ dmrdes (272t )xae) — xaleo)xalen)] b (272 xa(e)xaw) - xaloo)xalen)]



which expands to

%/dx1d332[Xs(fﬂl)*sz(xz)*h(rl)X?,(wl)X4(332)—X3($1)*X4(93 1)x3(w2)xa(21)—

X3(w2)* xa(x T)x3(z1)xa(w2) + x3(w2) xa(w1)"h(r1)x3(z2)X4(71)]

whe e second and third terms become zero due to the orthogonality of the
spin orbitals. Integrating over electron 1, the above becomes

5 [t bt + 5 [ devato) b)),

The same treatment for h(2) yields the same result, and the above 1/2
coefficients become 1, leaving

(U31011973) = (UT3|R(1) + h(2)|P13) =

/dﬂUle(SCl)*h(rl)Xs(fl) +/d$1X4(331)*h(r1)X4(931) = (3|h[3) + (4]h|4)

where the last equality was obtained using the notation provided in Szabo.
Thus, the first equality in the question has been verified. The second equality
need not be evaluated explicitly, as all spin-orbital components of |¥y) are
orthogonal to all spin-orbital components of |¥$3), which will inevitably yield
that (Wo|O1[PF3) = (¥3]01[Wo) = 0.

2.9. Show the full CI matrix for minimal basis H,, and
demonstrate that it is Hermitian.

The CI matrix for Hy consists of a linear combination of the ground state and
doubly excited state as written in the matrix below:

(<‘1{0|H|‘I’o> <‘I{0|H|‘I’i§>) _ (<‘1{0|O1 + Oa|Wo)  (¥o|O1 + (92|‘I’%§1>)
(UH[H[Do)  (UT3H|TT3) (UH3]01 + 02| W) (TF3]|O1 + Oa| V)

Note that the first component of (U$3|O1 + O3|¥33) was calculated in the previ-

ous exercise. The second component requires evaluation of (U33|r15|¥33), which
is below.

%/dxldﬂfz[Xs(5171)*)(4(932)*7’12X3(I1)X4(I2)*Xs(951)*X4(I2)*T12X3(~T2)X4(I1)*

Xs(562)*)(4(3?1)*712X3(!E1)X4($2) + X3($2)*X4($€1)*7"12X3($2)X4(£C1)]



Since r12 = 712, one can reverse the 1/2 designations in the third and fourth
terms, making them equal to the second and first terms respectively. The above
then becomes

/d$1d$2X3($1)*X4(962)*7“12X3(xl)X4($2)—/dﬂ?ldszs(ﬂﬁl)*X4($2)*T12X3($2)X4(961)-

The above may be written (34]34) — (34|43) using the notation of Szabo.
We now know that (U33|H|U33) = (3|h|3) + (4]|h[4) + (34]34) — (34[43). It was
shown in Szabo that, similarly, (Vo|H|¥o) = (1|h|1) +(2|h|2) +(12]12) — (12]21).
Further, reasoning in the previous problem concluded that (Ug|O;|¥33) =
(U331O1| %) = 0. However, (V|02 ¥33) will not equal 0 since two electron inte-
grals are required. Consultation of the result obtained in this problem supports
the conclusion that (¥o|O|¥$3) will equal (12]34) — (12]43) and (¥35|04| W)
will equal (34]|12) — (34]21). Putting all of these results into the initial CI matrix
definition of this exercise, the minimal basis CI matrix for Hs is:

(1|h|1) + (2|h|2) + (12]12) — (12]21) (12|34) — (12[43)
( (34]12) — (34]21) (3|h|3) + (4|h|4) + (34]34) — (34|43>)

which was to be shown. The adjoint of this matrix is

<[<1Ih1> +(2|h2) + (12]12) — (12[21)]* [(34]12) — (34[21)]" )
[(1234) — (12[43)]" [(31A[3) + (4[R|4) + (34[34) — (34]43)]

which, switching the bra and ket terms of all the entries (or applying the con-
jugation) yields

(<1|h|1> + (2]h|2) + (12]12) — (12]21) (12)34) — (12[43) )
(34]12) — (34]21) (3|h|3) + (4|h|4) + (34]34) — (34]43)

which is the same as the original matrix. Thus, this matrix is Hermitian.

2.10. Derive Eqn. 2.110 from 2.107.

N 1 N N
(K|H|K) = (K|Oy + O3|K) = > (m|h|m) + 5 SO (mn|lmn) - (2.107)
N Vv
(KIH|K) = Z[m|h\m} + Z Z [mm|nn] — [mn|nm)] (2.110)

Starting with the integral form of Eqn 2.107, we have



(KIHIK) = i;j ([ dorntennranen )+ ZZ [ dsidzzn o) wa) i) )

/ dvdsXom (21) X (22) 715 X (1) Xom ()]

which, using the chemist’s notation for the first summation and rearranging the
terms within the integrals of the second summation,

N
= [m|h|m] + ZZ /dxldxzxm (1) Xm (£1)715 Xn (£2)*Xn (2) —
/ Ao d X (1) X (22) 75 X (21X (2]

Using the chemists notation for the second part, the whole equation becomes

(K|H|K) = Z [m|h|m] +Z Z [mm|nn] — [mn|nm]

m n>m

which was to be shown.

2.13. Show that (U7|0,|V;) =
a. 0ifa#b,r#s
When a # b and 7 # s, (V3|01[93) = (xrxolhIxaxs) = [ doxixzhxaxs = 0
due to the orthogonality of the spin-orbitals, and the fact that a # b and r # s.
b. (r|hls) if a=b,r # s
When a = b and r # s, (U2|01|U5) = (XrXblhIXaXs) = [ duxixihxaxs =
[ dxxihxs = (r|h|s) since (xp|Xa) = 1 when a = b.

—(b|hla) if a £ b,r =35
When a # b and r = s, (UL|01|T5) = (XrXblhlXaXs) = [ dexixihxaxs =
— [daxixihxsxae = — [ dxx;hxa = — (b|h|a) since (x;|xs) =1 when r = s.
d. Ziv (c|hlc) — (alh|a) + (r|h|r) if a=b,r =s

When a = bandr = s, (7|01|T5) = (XrXoXe--| A XaXsXe) = [dexixixEi()hXaXsXe(-.) =
S dexixixi () hxaxerxe () = = [ daxixixs (- hxaxrxe() = = [ dexixi () hxexe() -
(alhla) = [dxx;xi(-)hxexr () — (alhla) = [dex;i(...)hxe(...) + {c|hle) —

(alhla) which7 continuing up to some yn (denoted by the ellipsis)

=N (clhlc) — (alhla) + (r|h]r).
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2.17. Integrate out spin in the full CI matrix for minimal
basis Hy, and express it below.

The result obtained in 2.9 for the CI matrix of minimal basis Ho was
(1|h|1) 4+ (2|h|2) + (12]12) — (12]21) (12]34) — (12]43)
(34]12) — (34]21) (3|h|3) + (4|h|4) + (34|34) — (34]43) ) °
From Eqns. 2.60 and 2.65 of Szabo, we know that the (1,1) element of the above

matrix may be evaluated as follows:

(11A[1) + (2(R[2) + (12]12) — (12]21) =
/dfﬂ/)l(rl)*a(wl)*h(r1)¢1(rl)a(wl)+/dxﬂlfl(rl)*ﬂ(wl)*h(rl)l/fl(1“1)5((«11)
+/dxli/fl(Tl)*a(wl)*%(Tz)*ﬁ(wﬁ*?”lewl(7“1)01(601)1/11(Tz)ﬁ(wz)

= [ dorwn(r)"aln) (1) B(wn) T r2) Bl ()
which, since («|8) = 0 and (S|a) = 0 in the last term, yields
= (1]h|1) + (1]R|1) 4+ (11]11) = 2(1|h|1) + (11|11)

with the new notation for one-electron spatial integrals. Identically, but with
spin orbitals 3 and 4, the (2,2) entry of the initial matrix is evidently 2(2|h|2) +
(22]22). Now we must determine cross terms.

Without explicitly writing the integrals, one may recognize that entry (1,2)
= (12|34) — (12|43) = (12|12) — O since spin orbitals 1 and 3 both have «
components while 2 and 4 both have S components. A similar conclusion is
drawn about entry (2,1), which correspondingly equals (21]21). Thus, the full
CI matrix of minimal basis Hs with spin components integrated out is

(2(1|h|1) + (11]11) (12[12) )
(21]21) 2(21h)2) + (22]22) )



2.19. Prove the following properties of coulomb and ex-
change integrals: J; = K, JZ-’; = Jij,K;“j = Kjj,Jij = Jj, Kij =
Kji-

The definitions of the Coulomb integral and exchange integral are given respec-
tively in equations 1 and 2:

By = (i) = [ dradralvuleo)Pris o) 0

K,; = (ijlji) = / drdra (e )y (01 )iz (v2) s () )

From these definitions, J;; = (ii|ii) and K;; = (it]it). Evidently, J;; = K;; =
(t]éi). To see this somewhat more thoroughly, consider the integral expression
of K;; when j = i. When this is the case, 17, for electrons 1 and 2 become
the probability clouds of the Coulomb integral, which by definition are equal to
(4ii7).

Consider now Jj;. Every component within the definition of J;; in Eqn. 1
is real, since probability densities and physical distances cannot be imaginary.
Thus, the complex conjugate of this real value is itself, and J;; = J;;.

The above argument cannot be made exactly for the equivalence of K;; and
K;;. Instead, one can assess the complex conjugate of Eqn. 2,

Ky = [ dradrawi(en) 05 61)ri5 v )5 12)
which, upon exchange of electrons 1 and 2 (since they are identical), yields
K5 = [ dridrs s (w0 ()i (2 r2) = Koy

thereby demonstrating what was to be shown.
Explicitly, J;; = (jj|é4). The integral form of this expression is

[ ardralus )P e P
which, upon exchange of electrons 1 and 2 yields the expression
[ drdralsten Prif s o)

This expression is equal to Eqn. 1, or J;;.
Lastly, consider the expression for K,

Kji = /drldwi/}}‘(rl)wi(rl)rlel/)f(r2)¢j(r2)

Another simple exchange of electrons yields that

K;; = /dﬁd?"z?/)?(rl)% (rl)rf2lw;(r2)7/)i(r2) = Ki;.



2.21. Show the full CI matrix for minimal basis H, given
in Szabo is correct.

As given in the response to question 2.17, the full CI matrix for minimal basis
HQ is
2(1]A[1) + (11]11) (12]12)
(21]21) 2(2|h|2) + (22]22) ) -
By definition, (ii|ii) = Ji;, (12|12) = Ko, (21|21) = K2 after consideration of

the previous exercise, and (i|h|i) = h;;. Thus, the above matrix may be written

2h11 + Ju Ko
Kis 2has + Ja2

which was to be shown.

2.23. Verify the energies of the given determinants by in-
spection.
a. hi1 + hos + Jio — Kio

The energy of the electron in spatial orbital 1 is ki1, the energy of the electron
in spatial orbital 2 is hsg, the coulomb repulsion energy of the two electrons is
J12, and the exchange energy due to the parallel spins of the two electrons is
given by —Kj,.

b. hi1 + hoo + Jio

The energy of the electron in spatial orbital 1 is hy1, the energy of the electron
in spatial orbital 2 is hsg, the coulomb repulsion energy of the two electrons is
Ji2, and their is no exchange energy contribution due to the antiparallel spins
of the two electrons.

c. 2hi1 +Jn

Since both electrons are in spatial orbital 1, the energy contribution is 2hq;.
The coulomb repulsion energy is Jy; since both electrons are in orbital 1.

d. 2hos + Joo

Since both electrons are in spatial orbital 2, the energy contribution is 2hags.
The coulomb repulsion energy is Joo since both electrons are in orbital 2.



e. 2hi1 + hoo + Ji1 +2J12 — Kia

This energy is the same as the answer to ¢, but with additional contributions
from the spin-up electron in orbital 2. These additional contributions are hoo
due to the presence of the additional electron, 2.J;5 due to the coulomb repulsion
of both electrons in orbital 1 with the electron in orbital 2, and —K;5 due to
the exchange energy associated with the parallel spins of the spin-up electrons
in orbitals 1 and 2.

f. 2hoo + h11 + Jog + 2J10 — Ko

The same reasoning employed in the answer to e easily justifies the form of the
energy in diagram f.

g. 2h11 + 2hoy + J11 + Joo +4J12 — 2K

Here, 2h11 corresponds to the presence of two electrons in orbital 1, 2hss to the
two electrons in orbital 2, Ji; to the coulomb repulsion of electrons in orbital 1,
Joo to the coulomb repulsion of electrons in orbital 2, 4.J15 due to the coulomb
repulsion between the two electrons each in energy levels 1 and 2, and lastly
—2K15 due to the exchange energy resulting from of parallel spins between
spin-up and spin-down electrons in energy level 1 and 2.
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2.25. Show the appropriate relations using properties of
determinants.

Consider the set |K) : {[x1x2),[x1x3), [x1x4) s [x2x3) » [x2x4) » [x3x4)}. In the
case
(ara} + alay) |K) = ayal |K) + alay | K)

The definitions of creation and annihilation operators turn the set |K) into

(ara} [x1x2)+ajar [x1x2)), (arad [x1xs)+abar [x1x3)). (arad [x1xa)+ajar [x1x4)),

0 0
(aradhas)+ M M abarbaxa)), (aab |xaxa)+alarbaxa))

since creation operators acting on spin orbitals that already exist yield 0, as do
annihilation operators acting on spin orbitals that do not exist. This expression
is equal to

0

0 0 0
(—arab b Falbba) ), (—an [xaxaxs)+xaxs))s (a1 axaxa) +ixaxa)), 0,0, a1 berxaxa)

where some spin orbital positions were switched and signs changed accordingly.
This is now equal to

0
07(_ |X X2X3>)?(_ ‘XQ X2X4>)7070a0 = {Oa0707070a0}'

2.26. Show using second quantization that (x;|x;) = d;;.

The components (x;| and |x; J> may be written respectively as operators acting on
the vacuum state: (] a; and a ). Then (xilx;) becomes (Ja;a |> (|16 — ala;|)

which becomes (|0;;]) W di; (||) = d;; since the annihilation operator
acting on the vacuum state is equal to 0.



2.27. Given a state |K) = |x1x2...xn) = ala)...al, |), show that
(Klala;|K) =1ifi=jandi € 1,2, .., N, but is zero otherwise.

By definition, we have that (K| = (|ay...aza; and |K) = aiag...ajv [). Thus,

(K\ajaﬂK) = | aN...a2a1a;-raja]{a£...a}rV ) =—{(lan...aza1(1 — aiaT)aIa;..aTN )

i
when ¢ = j, which is equivalent to the expression

0

{| aN...agal(l)aIa;...a}Lv h—( an...azaq iaia;..a;\, Y= (xn--X2Xx1|x1x2---XN)—0

=1-0=1.

In the case that ¢ € 1,2, ..., N, one could switch positions on spin orbitals in the
second term above such that a; and a! were still next to one another, making
the expression 0. This is what was to be shown.

2.29. For the Hartree Fock wave function |V(0)) = |x1x2) =
a{ag |), use second quantization to show the desired rela-

tionship.

(Uo|O1| o) = (lazar | > (ilhlj)ala; | alal]) = (| azas <Z (1[R[2) aia2> ajal|)

9,7 1,2

= (lasar ((L[RIL) + (L[R|2) + (2[R[1) + (2[A[2)) alasala} )

0
= U (jazer (1~ )l + (112 sartataz ool
0
+(2IA1) Gasertafamiatabl) + CIA2) (asas (1 — osab)alal)
— ) (vl Vo)~ (salore T
2 (e bl Gl

1 1
= (1h[1) (raxrbxive) + (21h12) (eoxrxixe) = (1AI1) + (21R]2) .



2.31. Show that (U7]|0,|¥,) = 37 (rb||ab) using 2.27.

T.1

First, consider the expression (Vg|al a,a ajalak|‘1!0) where |Ug) = |X1---XaXb---XN)-

Manipulating this,

(Wo\alaraza;alakhllo) =0 <\Ilo\ala;alak\\llo> — <\Ilo|agara}alak\\llo)

= —0ri0a1 (olalar|Wo) + 6,; (Wolataalar| Vo) — (Volala,alaar|Wo)
0

= —0ri0a1 (Wolalar|Wo)+6,i0ak (Wolatar|Wo)+6,; (Wolalararal |Wo)—(Wolalaralayar|Wo)

where the third term above is zero since one cannot create a j spin orbital where
there already is one. Continuing, the above is equal to

—0ri0a1 (Wolalar|Wo)+0,:0ar (Volalar| Vo) +,; (Yolalalaiar|Wo)+(Wo|alalalaraa, [Wo)

since a, |¥g) is attempting to annihilate a spin orbital which does not exist in
|¥o). From here, we have

= —0ri0a <\I/0|a;ak|\1/0>+5ri5ak <q}0|a}al|q/0>+6rj5al (Wolalag|Wo)—b,; (Wolal aral ar|¥o)

= —6ri0ar (Volalar|Wo)+3ri0ar (Volalar| Vo) +6,50a (Wolalak|Wo)—6,;0ar (Yolalai| )
0
—(¥g f wa) [ ¥o)

where again, an ¢ spin orbital cannot be created where there already is one.
Thus, we have shown that

(Tolafaralalaiar| Vo) = 6,0a (Volalar|Wo)—6,0ar (Wola] ar|Wo)+6,:6ar (Yolala|Wo)

—6ri0a1 (Wolatar | Wo) .

One can use this result to evaluate (U7|Oz|%o). By definition of Oy and the
fact that (V7| = (V| ala,,

1 . 1 iy
(W52l Wo) = (W | 5 > (ijlkD) alajaa | [Wo) = 5 > (Wolakaralajaax| o) (ij|kl)
ijkl ijkl

T,0

Notice that we have already obtained an expression for (¥o|aa,a) ajaiar| Vo),

which we can substitute to yield that (U7 |05|¥y) is equal to

1 ..
5> (638t (Wolal x| W0) = 8,500k (WolalaulWo) + dridar (WolajaulWo) — dridar {Yolalax|Wo) ) (ijlk)
ijkl



1 . .
= 5 D (8rj0ar (Yolalax|¥o) (ij|kl) + 6r:dar (Volafar| Lo) (ij[kl)
ijkl

—6r0ak (Wola] ar|Wo) (ig|kl) — 6r:0a (Wolalar|Wo) (ijlkl)).

Accounting for delta function equalities, this is equivalent to

| X N N
52 (rblab) — 2 {rblba) = Z(rb\ab (rblba) :Z (rbl|ab)
b b b

where the sum is up to N due to the requirement from exercise 2.27 that
(Klala;|K) =1ifi=jandie1,2,..,N.



